Introduction. Depth-sensing indentation is a widely used technique in the study of mechanical properties of materials [1] . It yields information about hardness and elastic modulus and is also applicable for determination of yield stress and strain hardening exponent. Depthsensing measurements at penetration depths of tens or hundreds of nanometers are referred to as nanoindentation [2; 3], is particularly well suited to the characterization of coated and other surface-engineered systems [4] [5] [6] .
placements. The method is based on the Bulychev-Alekhin-Shorshorov (BASh) relation [8; 17; 18] which is restricted to frictionless contact between elastic bodies and smooth surfaces and considers only the normal displacements on the surface of solids. Neglect of the tangential displacements leads to the incompatibility of strains in the area around the contact [14; 15] . Moreover, the tangential displacements themselves at the boundary of the contact region can achieve approximately 22 % of the indentation depth depending on the Poisson's ratio of the elastic halfspace [14; 15] . Therefore, accounting for the tangential displacements demands a particular investigation.
The objective of the study is to specify how much impact the tangential displacement effects have on nanoindentation studies of material properties. To attain the goal we use the mathematical model of elastic contact represented in the previous paper [19] and expand the BASh relation for the tangential displacements. The model concerns an especially important case of shallow indentation (usually less than 100 nm) where the tip rounding is on the same order as the indentation depth. It considers the indentation of half-spaced samples by the rigid Berkovich indenter and accounts for the tangential displacements on the surface of the sample.
Short description of the model. We use the mathematical model of a unilateral contact between the Berkovich rigid indenter and an elastic half-space (sample). The indenter with the equation of the surface
is pressed by the force P to a boundary of the contacting sample (see Fig. 1, a) . The sample is considered as a positive half- 
here function 0 ( ) P h is the dimensionless compression force, it was obtained numerically from the solution of NIBEs at different values of the mutual approach h ; d is the bluntness of the indenter tip. Parameter  is defined through the reduced Young's modulus
(subscripts denote the parameters of the sample "s" and of the indenter "i"). For more details about the model and derivation of solution of NBIEs the reader is referred to [19] . Expression for the dimensionless compression force is given in the following form 0 0 ( ) ( ) ,
where 0 
Following the technique of Oliver and Pharr we need an equation for the contact stiffness. The reduced Young's modulus is determined from the contact stiffness S at the beginning of unloading and the projected contact area A using BASh relation [8; 17; 18] 2
where  is a constant that depends on the geometry of the indenter (1.034 for a Berkovich indenter and about 1 for the tip bluntness). As was mentioned in introduction, the BASh relation neglects the tangential displacements. We can derive from (3) a refined relation for the contact stiffness TD S that accounts for the tangential displacements
Tangential displacements influence the reduced modulus * E by means of the contact stiffness only because the contact area is no longer explicitly presented in (4). The contact stiffness that neglects the tangential displacements is (4) and (5): 
Furthermore, we investigated the case of shallow indentation,
As follows from (6) and (7), the models neglecting tangential displacements overestimate the reduced and the Young's modules. For a wide range of materials the error in determination of the elastic modulus is about 4 % (see table 1 ). For materials with the Poisson's ratio less than 0.2 the error approaches to 6 %. Table   The 
Conclusions
A simple expression is provided for the impact of the tangential displacements on nanoindentation studies of the reduced Young's modulus. Neglecting tangential displacements one overestimates the Young's modulus up to 6 % depending on the Poisson's ratio of the sample.
